We present analytical results both in momentum and position space for the massless correlators of the vector and scalar currents to order α 4 s as well as for the tensor currents to order α 3 s . The evolution equations for the correlators together with all relevant anomalous dimensions are discussed in detail. As an application we present explicit conversion formulas relating the MS-renormalized vector, scalar and tensor currents to their counterparts renormalized in the X-space renormalization scheme more appropriate for lattice calculations.
Introduction
Correlators of gauge invariant quark currents are important objects in QCD. It is enough to mention that the correlator of two vector currents is directly related to the famous ratio R(s) = σ(e + e − →hadrons) σ(e + e − →µ + µ − )
, the Adler function and the decay widths of the Z-boson and the τ -lepton (for a review see, e.g. [1] ).
To be specific, let us consider a correlator:
with j being a gauge invariant local operator. The polarization operator Π(q) satisfies the standard dispersion relation
The subtractions on the right-hand side of Eq. (2) are necessary as they remove an additional divergence coming from the vicinity of the region x ∼ 0 in the xintegration in (1) . The structure of the correlator (1) is significantly simplified if the momentum q is considered as large compared to (active) quark masses. Setting then all quark masses to zero one can describe the general structure of the correlator in pQCD as follows:
Π ik a i−1
Here Q 2 ≡ −q 2 , a s = αs π
, µ stands for the renormalization scale and d is the (mass) dimension of the current j.
In some applications it is useful to deal with the correlators in position space (see, e.g. [2, 3, 4, 5, 6] 
It should be stressed that the spectral density ρ(s) does not depend on the non-logarithmical contributions to the sum in (1) (that is those proportional to the coefficients Π ik with k ≡ 0). Thus, the full correlator in position space considered as a function of x (defined for all x with x 2 = 0 ) also does not depend on non-logarithmical contributions to Π(q).
In general, the operator j is not scale-invariant (equivalently, has a non-zero anomalous dimension). The renormalization of the operator and the position space correlator look as follows
where j 0 and Π 0 stand for the corresponding bare quantities.
1 For simplicity we assume that the current j is a Lorentz scalar. 2 Note that the momentum space correlator is renormalized in a more complicated way due to the UV divergence at small x. The corresponding formula is given below in Section 2.
An important feature of the position space correlators is that they can be directly computed non-perturbatively on the lattice by Monte Carlo simulations (see, e.g. [7, 8, 9, 10] ). Their long-distance behavior is governed by the nonperturbative features of the underlying field theory, QCD. On the other hand, due to asymptotic freedom, their short-distance behavior can be described by perturbation theory and operator product expansion (OPE). A meaningful comparison of perturbative results at short distances with their lattice counterparts requires, obviously, the use of one and the same renormalization prescription in the common case of scale-dependent operators. While minimal subtraction schemes (MS and its relatives [11, 12, 13] ) are certainly preferable for perturbative calculations, they, clearly, can not be implemented on lattice.
A solution of the problem is based on the use of an intermediate renormalization scheme, with the renormalization conditions imposed directly on quark and gluon Green functions computed in a fixed gauge and for a particular configuration of external momenta [14] .
A convenient intermediate scheme for the renormalization of the quark current operators has been developed in [9] . It is based on the study of the corresponding position space correlators and is called the X-space scheme. The conversion formulas between the MS and the X-space scheme have been elaborated in [9] to the next-to-leading order.
Recently there has been a lot of progress in computing higher order corrections to the vector and scalar correlators within perturbative QCD both in the massless limit as well as for the general case of massive quarks. Both correlators are now known in momentum space to order α 3 s [15, 16, 17, 18] (the real and absorptive parts) and even, partially, to order α 4 s [19, 20] (only the absorptive part in the massless limit). The situation is not so good for the tensor correlator, which is known completely to order α 2 s in the massless limit only [21] .
In addition, the anomalous dimensions of the scalar and tensor currents are known to order α 4 s [22, 23, 24] (vector and axial-vector currents have identically vanishing anomalous dimension due to the corresponding Ward identity).
The aims of the present paper are:
• To compute the order α 3 s contribution to the tensor correlator (only absorptive part in the massless limit).
• To summarize available momentum space results for the scalar, vector and tensor (all massless) correlators and corresponding anomalous dimensions.
• To discuss in detail the evolution equations for all three correlators.
• To present full results for the correlators in position space, namely: scalar and vector to (and including) order α 4 s and tensor to (and including) order α 3 s computed within massless QCD.
• To construct the N 4 LO conversion formulas between MS and X-space renormalized scalar and vector currents as well as the N 3 LO ones for the tensor current.
• To study the stability of the conversion formulas with respect to higher order (not yet computed) perturbative corrections.
The plan of the paper is as follows. In the next section we discuss our conventions and the definition of the X-space renormalization scheme as well as a version of the MS-scheme -the MS-one which seems to be more convenient for renormalization of the position space correlators. Sections 3 and 4 list all available results for (massless) quark currents correlators in momentum and position space respectively. In Section 5 we try to provide the reader with the concise bibliographical information about the origin of the results collected in the two previous Sections as well as about the main technical tools employed in the corresponding calculations. Conversion formulas between the X-scheme and MS/MS schemes are discussed in Section 6. In the last section 7 we summarize the content of the paper.
In addition, there are three appendixes. In Appendix A we spell out the rules which we use to construct the Euclidean correlator from its Minkowskian counterpart. Appendix B provides the reader with necessary information on the Fourier transformation. Appendix C lists various anomalous dimensions relevant for the RG evolution of the quark current correlators.
Quark current correlators in momentum and position space
In this section we outline our conventions and recall the definition of the X-space scheme as presented in Ref. [9] . Our discussion will focus on the correlator of scalar currents first. The generalization to other Lorentz structures is straightforward, we will comment on it towards the end of the section.
The scalar correlator in momentum space is defined as
with j =ψ1ψ. For space-like momenta we can express the correlator in terms of the Euclidean momentum Q. In what follows we will work exclusively with Euclidean correlators. Our procedure of obtaining Euclidean correlators from Minkowskian ones is described in Appendix A. The correlator considered in position space reads Π S (X) = j(X)j(0) (7) with a Euclidean separation X. We work in the chiral limit with m ψ = 0. Note that diagrams with purely gluonic cuts do not contribute to the scalar correlator (in the assumed massless limit) .
Momentum space
We denote the MS renormalized momentum space correlator at the scale µ by
where Π S 0 (Q) is the bare scalar correlator. Note that in addition to the multiplicative renormalization with Z S there is a subtractive counterterm Z SS . The corresponding renormalization group equation reads
with the anomalous dimensions
Using the solution to the renormalization group equation (9), we can evolve the correlator from one scale µ 0 to a different scale µ 1 :
where a s = α s /π = g 2 /(4π 2 ), g is the strong coupling constant and the β-function β(a s ) is defined as
While it is of course possible to recover logarithms explicitly using this solution, it is more convenient to rewrite the renormalization group equation into a differential equation in l µQ = log(µ 2 /Q 2 ) for this purpose:
This equation can be used to iteratively reconstruct the logarithmic parts of Π S (Q). Explicit formulas for the anomalous dimensions and the QCD β function are given in Appendix C.
Position space
In principle, the discussion of the preceding paragraph can be directly translated to the position space correlator. It is, however, convenient to use a modification of the MS scheme that is a bit different from the traditional MS convention. The reason for this is that in the MS scheme logarithms in position space naturally appear in the form
We can transform these to the simpler form log(µ 2 X 2 ) with a shift in the renormalization scale:
The shifted µ defines a new modified MS scheme which we call MS. The relation between MS quantities and their MS counterparts is of course very simple:
Using the evolution of the strong coupling constant we can also relate the MS coupling to the MS coupling at the same scale:
where l = 2 (log(2) − γ E ).
In position space there is no additional subtractive renormalization. Hence, the renormalization group evolution simplifies to
The evolution equation for the MS scheme is obtained from Eq. (18) by simply replacing MS quantities by their MS counterparts.
The X-space scheme
The X-space renormalization scheme is defined by fixing the correlator of the normalized current j X = Z S X j at a separation X 0 to its value in the free continuum theory [9] :
This prescription can be readily implemented both in lattice and perturbative QCD. In perturbation theory the free theory value of a correlator is obviously just the leading order contribution.
Other correlators
In addition to scalar correlators, we also consider correlators of vector, tensor, pseudo-scalar and axial-vector quark currents. In position space these are defined as
with
Since we work with m ψ = 0, the results for the pseudo-scalar correlator will be the same as for the scalar correlator.
Except for two small points, the entire discussion for the scalar case also holds for the more complicated Lorentz structures. First, in contrast to all other correlators, the vector and the axial-vector correlators do receive contributions from diagrams with purely gluonic cuts. We choose to neglect them in this work. This implies that also vector-and axial-vector correlators coincide. Second, it is not possible to naïvely renormalise the vector correlator according to the X-space condition (Eq. (19)). The reason for this is that in position space its tensor structure varies between different orders of perturbation theory. We choose to renormalise the trace of the vector correlator instead.
Momentum space correlators: results
In the following two sections we present the results for the correlators both in momentum and position space. All results with their explicit renormalization scale dependence can also be retrieved from http://www-ttp.particle.uni-karlsruhe.de/Progdata/ttp10/ttp10-42/
We list the correlators in momentum space at the scale µ 2 = Q 2 , where all logarithms vanish. Results for arbitrary values of µ can be recovered by solving the renormalization group equation (i.e. by using Eq. (11) or (13)). Note that the anomalous dimensions listed in Appendix C allow the reconstruction of all logarithms at one order higher, i.e. at order α 4 s for the vector and scalar correlators and at order α 3 s for the tensor correlator. 
and n f active quark flavours.
Position space correlators: results
The position space results are obtained by four-dimensional Fourier transformation (see Appendix B) of their momentum space counterparts. As it was discussed in Section 1 the position space correlators are not sensitive (at x 2 = 0) to the constant (non-logarithmic) contributions to the momentum-space ones. Thus, the knowledge of the full vector and scalar momentum space correlators at order α 
In numerical form for n f = 3 the results read
µνρσ (X) 1 + 2ã s + 3.1ã 
This can be compared to the MS results at the same scale µ 2 = 1/X 2 : 
where we use the abbreviation a s = α s 1/ √ X 2 /π. In both schemes the α 4 s coefficients of the vector and the scalar correlator are quite large. In the MS scheme we observe a slightly smaller α 4 s contribution; furthermore the coefficients are a bit more uniform between different orders. This indicates a better behavior of the perturbative series in this scheme.
It is remarkable that the Lorentz structure of the tensor correlator remains the same at each order while it begins to vary at order α 2 s in the vector correlator result. This change can be easily understood by considering the transversality condition
Together with the appearance of terms which are logarithmic in X also the Lorentz structure has to change so that the vector correlator remains transversal (see Eq. (B.4) in Appendix B).
As a consequence of this, it is not possible to renormalise the vector correlator in the X-space scheme according to the prescription Eq. (19) . There are many possible generalizations leading to a well-defined renormalization prescription for the vector correlator. Among them, we choose to renormalise the trace of the correlator. For the other correlators the renormalization is straightforward. We refrain from presenting the somewhat lengthy explicit results here. They can be easily constructed from the MS results (Eq. (26)- (28)) and the conversion formulas listed in Section 6 (Eq. (40)- (42)).
Bibliographical and technical comments
We start with some generic notes. First, the non-logarithmic part of a quark current correlator in momentum space is not physical within QCD as it requires additional UV subtractions beyond the ones associated to the coupling constant renormalization.
Still, the constant part is important because it provides us with a very convenient way to compute the Q-dependent (that is physical) contribution. Indeed, suppose that we want to get the Q-dependent contribution at order α n s to, say, the scalar correlator (the discussion below is general and applicable to every massless correlator). A direct calculation would require to deal with (n+1)-loop massless propagator-like diagrams contributing to Π S . A better way 4 is to use the evolution equation (13) . Indeed, after a (trivial) integration of the right-hand side of the equation with respect to l µQ we arrive at the conclusion that the Q-dependent part of Π S is completely determined by the knowledge of three ingredients:
1. the very correlator Π S (including its constant, Q-independent part) and the beta-function to order α Moreover, it is a well-known fact that the methods of Infrared Rearrangements (IRR) [29] and R * -operation [30] allow to reduce the problem of evaluation of a (n+1) loop contribution to an (arbitrary) anomalous dimension to the computation of some properly constructed set of n-loop massless propagatorlike diagrams.
Up to and including three loops the massless propagator-like diagrams can be computed easily with the FORM [31] package MINCER [32, 33] . The package implements the algorithm developed in [34] and is based on the use of the traditional method of integration by parts. Another powerful approachthe method of the Gegenbauer Polynomials in x-space (GPTx) [13] -is less automated, but, sometimes, is applicable in cases with loop number exceeding three (see, e.g. [35] for recent spectacular examples).
The only systematical way to compute massless propagators at four loops is based on the so-called 1/D-expansion elaborated in [36, 37] and on the use of a special parametric representation of Feynman integrals [38, 39, 40] . Here by computation we mean the reduction to the corresponding master integrals, the latter have been computed analytically [41] and numerically [42] .
In Table 1 we display the bibliographic information about results listed in Sections 3,4, and in Appendix B. In addition we also mention the main theoretical tools used in obtaining these results.
We want also to stress, that literally all O(α 4 s ) calculations listed in the Table   4 The observation below was explicitly made (for the particular case of the vector correlator) in [25] . Table 1 Calculations of massless quark correlators in QCD: references and main theoretical tools.
would be not possible to perform without a heavy use of the parallel versions of FORM, PARFORM [43, 44, 45] and TFORM [46] . Last, but not least, the generation of thousands of four-and five-loop input QCD diagrams have been conveniently done with the help of the (FORTRAN) program QGRAF [47] .
Conversion between X-space scheme and MS or MS
The natural scale for a transition between the MS and the X-space scheme is
This is obviously equivalent to a transition between MS and X-space scheme at a scale µ
with δ ∈ {V, S, T } directly yields the desired ratios [9]
between the renormalization constants in the different schemes. We obtain 
The conversion can of course be performed for an arbitrary scale µ with the help of the renormalization group evolution (Eq. (18)).
The new higher order results reduce the theoretical error significantly compared to the old NLO conversion formulas of Ref. [9] . As an example we show the values of
) with δ ∈ {V, S, T }, X 2 0 = (1.5 GeV) −2 at different orders in perturbation theory. We estimate the theory error from higher orders by performing the transition between the two schemes at some varying intermediate scale µ and evolving the result to the final scale of 2 GeV:
For the evolution, we use anomalous dimensions at one order higher than Figure 2 shows the same ratios of renormalization constants for n f = 0. As expected from the numerical formulas Eqs. (33)- (35) 
Conclusion
In this work we have presented presently available information on three basic quark currents correlators -the scalar, vector and the tensor ones -considered within the massless QCD. The correlators and the corresponding RG evolution equations have been studied both in the momentum and position space. Explicit conversion formulas relating the MS renormalized vector, scalar and tensor currents to their counterparts renormalized in the X-space renormalization scheme are constructed. It is demonstrated that the new higher order results reduce the theoretical error significantly compared to the old NLO conversion formulas of Ref. [9] . This work was supported by the Deutsche Forschungsgemeinschaft in the Sonderforschungsbereich/Transregio SFB/TR-9 "Computational Particle Physics". A. M. thanks the Graduiertenkolleg "Hochenergiephysik und Teilchenastrophysik" and the Landesgraduiertenförderung des Landes Baden-Württemberg for support.
A Euclidean correlators from Minkowskian ones
Let us consider a generic correlator defined originally in the Minkowskian space:
where the tensors T k µ 1 µ 2 ...ν 1 ν 2 ... are made from the metric tensor g µν , the vector q and the indexes µ 1 µ 2 . . .ν 1 ν 2 . . ..
The corresponding Euclidean correlator in the momentum space is constructed as follows:
with the help of the replacements
At last, the Euclidean correlator in the position space is defined with the help of the Fourier transformation, viz.
B Fourier transformation in d dimensions
Perturbative calculations are in most cases quite cumbersome in position space. A more convenient alternative is to perform the calculation in momentum space, where exploiting invariance under translations (implying momentum conservation) leads to great simplifications. In the end, the result in position space can be recovered by means of Fourier transformation.
B.1 Fourier transformation of bare functions
In the current work, all bare Green functions have a power-like dependence on the momentum. For the transformation from euclidean momentum space to euclidean position space we use the following formula:
It is straightforward to derive this formula by using Schwinger parametrization and Gauss integration.
For Green functions with a non-trivial Lorentz structure it is convenient to use momentum operators, i.e.
Note that forming the trace of the right-hand side of Eq. (B.3) again yields the simpler result from Eq. (B.1).
We also see explicitly that the Fourier transformation preserves transversality. Combining Eqs. (B.1) and (B.3) we obtain
B.2 Fourier transformation in four dimensions
The Fourier transformation for the correlators we consider is regular at d = 4. This means that there are two ways of obtaining the renormalized correlators in position space. On the one hand, we can transform the bare Green functions in d dimensions and perform the renormalization afterwards. On the other hand, we can start from the renormalized correlator in momentum space and transform it in four dimensions. In the latter case we have to transform terms which are logarithmic in Q 2 in addition to simple powers of Q 2 . Rewriting the logarithms with the help of derivatives leads to We use the abbreviation l µX = log(µ 2 X 2 /4) + 2γ E .
B.3 Logarithmic structure
One-scale problems, like the correlators considered in this work, exhibit a very special structure of their logarithmic terms both in momentum and in position space.
In momentum space in the MS scheme, logarithms have the form log(µ 2 /Q 2 ). They originate from terms of the form where l denotes the number of loops in the corresponding diagram. In order to obtain the logarithmic structure in position space we can again extract terms of the form y lǫ from the Fourier transform of the left-hand side of Eq. (B.7). Expressing the Gamma functions in the Fourier transform in terms of exponential functions and polynomials in ǫ we find for the general structure of position space logarithms.
C Anomalous dimensions
In our conventions the momentum space renormalization group equations of the scalar, vector and tensor correlators read
with the tensor structures
µνρσ (Q) =
The corresponding evolution equations in position space are analogous, but contain no subtractive anomalous dimensions. The anomalous dimensions are given by γ V (a s ) = 0 , (C.5)
